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This paper gives the investigation of the asymptotic stability of the un-
perturbed motion of a horizontal gyrocompass when small dissipative
forces are taken into account.

There are considered cases when the base of a gyrocompass is fixed
with respect to the earth, speeds are constant and circulatory motions
are uniform.

1. When the danping of the natural vibrations is neglected then the
equations of motion of a horizontal gyrocompass of the Geckeler-Anschitz
type which have been ziven in [1,2] are of the following form

P (V)——PlB——QZqus =0, Btgra—Qr=0 W
1+ ZB}S)';;?“”(S + Q3 = —dT(ZBsinsP(‘)) Ply + Q——-Va—-O
The parameter €° satisfies the condition
2B cosg® == %V (1.2)

This condition is autonomously satisfied for gyroscopes of the type
which we consider. The notation used in (1.1) is the same as in [1,2,3].

Let us introduce for convenience the new variables a and &, througn
the relations

2Bsing®g .

Va = «,
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Substituting (1.3} in (1.1) we obtain

“—g8—Q% =0, B4+HF—Qr=0 "
. 5 . M
THE+B=0 &—gr+ Q=0

In the equation (1.4) the coefficients of the unknown functions can
be regarded as constants, with the exception of Q which is determined by

Q:.—Usin(p-{—?—)—%tgcp+% (1.5)

<q‘ T RU cozg-{—-vE)

In general, when a ship moves on the earth’s surface, Q is a continu-
ous function of time t. The system (1.4) is equivalent to two second
order equations

oty -+ oy — 2Q8, — Q6; =0

. . ] (A = v2 —Q2) (1.6)
61 + 7»(51 ":" 2Qa1 + Qa] = O

Simultaneously with the system (1.6) we shall analyze also the system

@y + 2by0; + Aoy — 2Q8, — Q8 =0

. . . (1.7)
61 + 2b261 —.f‘ ;\«61 + 29“] + Qal — 0

where the coefficients b, and b, reflect the action of dissipative
forces. We shall assume that these coefficients are arbitrarily small
positive numbers.

2. We shall consider first a simple case when Q is a constant. Under
this assumption the system (1.7) becomes

%y - 2byoy - Aoy — 298, = 0, by - 2bydy - A8y 4 2Qay = 0 (2.1)

After replacing A by its values as obtained from (1.6) the character-
istic equation of (2.1) is

D+ 2 (by + b,) D? - 2 (26,6, - vE -4 Q%) D? A
4 2(by ) (V- Q) D A — Q2 =0 (2.2)

Applying the Hurwitz criterion it can be easily shown that if b, and
b, are positive constants and if the condition (obtained by different

methods in [4,5])
Qv (2.3,
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The trivial solution of the system (2.2) will be then asymptotically
stable. When

Q>wv (2.4)

(the case Q = v which is on the boundary of stability and instability
will not be considered), then the system will be unstable even with
smallest dissipative forces present. Indeed the system

& + Aoy —2Q8, =0, b, + A8, +2Qu; =0 (2.5)

]
obtained from (2.1) on the assumption of the absence of damping is a
special case of a system where the conservative and gyroscopic forces

are [9)
.’}Sj = — Ajz; - Z 8 k% (8 = — g/.-j) (2.6)
k

“hen Q > v, then by (1.6) we have A < 0, and the system (2.5) acted
only by conservative forces is unstable. The degree of instability (that
is the number of negative As) is even and equals two.

Yhen the degree of instability is even and fully dissipative forces
are absent, then the system can be stabilized by a suitable choice of
gyr?scopic forces. In our case these forces are expressed by the terms
298, and —2§2&1. This stabilization, however, is only (Y{elvin’s termi-
nology) "temporary" and it is destroyed in the presence of the smallest
dissipative forces. For a horizontal gyrocompass on a base which is
fixed with respect to the earth we have Q = U sin ¢ = const, V = iU
cos ¢ = const, hence the condition (2.3) reduces to

Using<v (2.7}

The above condition assures the stability of a horizontal gyrocompass
when dissipative forces are present. Since

v = Vg_/_ﬁz 1.24.40 %gec™ L, U~7.29.1075 sec™!

the inequality (2.7) is always satisfied.

*hen a moving ship has a constant eastern velocity component vy, then
the condition (2.3) becomes

Using (1 ¢ vp/RU cosgy < v (2.8)
This condition is also always satisfied in practical cases.

3. Ye shall investigate now the case when V and Q vary and are
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function of the time t. Ve shall assume that the coefficients of dissipa-
tion b, and b, are so small compared with v, that their distinctness can
be neglected and we can set 6, = b, = b.

Then from (1.7) we obtain the system of equations
&y 4 2bay - (vE - Q%) g - 2Q8, - Qb =0

) : . (3.1)
8y + 2b8; - (v¢ - Q%) 1 2Qa; + Quy =0

Ve shall introduce in (3.1) the new variables §; and §, by the non-
singular transformation [2]

¢
Ey = u;cos0 — &;sin 0, Ey = oy 8in B -+ 8, cos b <9=SQ(T)dT) (3.2)
0

Hence
oy = §,co80 + Eysin b. 8 = —E;sinf 4 Eycos b (3.3)

Substituting (3.2) and (3.3) in (3.1) we obtain the systen of equa-

tions in §, and §,

>

E, 1208, - v - 20Q (1) By - 0. Epo 26E, v, —20Q(1)E =0 (3.4)

Multiplying the second equation in (3.4) by -1 (v = J(=1)) and add-
ing to the [irst equation we obtain

W 2bw - (V¢ 26Q () iy =0 (0 = £y — if2) (3.5)
4, We shall consider now the case of consecutive left circulations of
a ship moving with constant speed v, whose course was initially y,.

The northern and eastern velocity components of our ship are, respec-
tively

vy == v 08 (Y — o), ¢, esin (g — of) (/m = %n) (4.1)

. i . . . . .
where ® is the anzular velocity of circulation, T is the period ol
circulation. Under these conditions v and Q are periodic functions of

period T.

. . . . ,
For example, if a circulation begins [rom tlie southern course we su.-
stitute in (4.1) g, = 180°, lience vy = v cos @t, vp = v sinot.
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It has been shown in [3] that for a ship moving in circles we can
simplify (1.5) by retaining only the principal part of the term represent-
ing the rate of change of the velocity direction.

For a circulation beginning from the southern course we would have
Q= ne sin wf (p = v/ RU cos @) (42)

Further, in accordance with (3.2) we obtain

!
6 = po % sin wtdt = p(1- - coswt) (4.3)
o
Investigating the stability of a horizontal gyrocompass moving in

circles, we begin by using the method of mean values and taking the value
of Q as given by (4.2). Substituting for Q its mean value over a period
of one circulation, which by (4.2) equals zero we obtain the system of
mean values equations

v by - v, = 0, Uy + by - Vi == 0 (4.4)

which corresponds to the system (3.4).

When b < v, then the equations (4.4) have the following solutions

1y = e~ (C, cos gl + Cysin qt) = VVESE ¢ eonst) (4.5)
= — b e 4.
Uy == e~ (Cyeos gt -+ O sinqt)’ ’

The roots of the characteristic equation of the system (4.4) have
negative real parts when b > 0, therefore the use of the mean values
equations is justified [7].

‘hien a ship moves in circles and the Jdamping is weak then the charac-
teristic exponents of the system (3.1) can be expressed by

T — b, Hyq - b4\ ("l.()')

which are derived from (4.4) and which coincide with the characteristic
exponents derived 1in [2] for the case when b = 0.

Thus, for circulatory motion, the solutions (3.4) are asymptotically
stable even with smallest dissipations present.

If instead of §, and §, we use, respectively, the solutions of (4.5)
which were obtained by the method of mean values, then by (3.3) we have
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2, = e~ % ((; cos gt + Cysinqt) cos § - e~ (Czcos gt - Cysingt)sin b

4.7)
0y = — e~ (Ccos gt -+ Cysin qt) sin 6 - e (Cycos gt + Cysin gt cos b
If the damping is very weak then we can set ¢ = v and obtain
Ay = e"“bt (Cl cos vt .,ir, CQ Sin. Vi) C()SU »%_ (l)*l’t (C3 cos vt —%*‘ 64 Sin Vf) Sill 8 (:} %X
1.0}

& - —e®(Crcosvt -+ Cysinvi)sin§ + ¢~ (Cgcos vt -+ Cysinvi) cos

The equations of motion of a horizontal gyrocompass in its initial
form (1.1) are also asymptotically stable because the introduction of
the new variables through (1.3) and (3.2) is performed by nonsingular
linear transformations with periodic coefficients.

5. We shall consider now another method of investigating the stability
of a horizontal gyrocompass, which is different than the mean values
method. Substituting

w = ety (0.1

in (3.5) we obtain

P+ (V02 200Q))y=0 (5.2

Let the ship move uniformly in circles beginning from the southern
course. Using (4.2) we get

¥+ (v* — b -+ 2ipbosinwt)y =0 5.3
Setting ot = 2iz we obtain the modified Mathieu equation with an

imaginary argument

d*y 4 (v2—2?) b .
Y (p?— 2ksh2z)y = 0 (r=02 weamy) B4

dz4 (o3

Introducing in (5.4) the new argument [ = ike? we obtain

d*y 1 dy { p? k* _
it t-fF—gy=0 (5.5)

Yhen p is not an integer and when k& — 0, then we have the asymptotic
solution [8] in the form

y frauand Cllu,‘p (kez) + C2’J._p (ll'ez) (Cll, CQ' bt C.Onst,) (5.69

From (5.6) and by (5.1) we obtain
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w= e~(C\ T (ke¥) + Co'J _p (ke?)) (5.7)
Assuming that the damping is weak we can set on the strength of (5.4)
D = 2\1/(1).

Using further the asymptotic formulas for the functions J (x) and
J_ (x) [6] for the small values of the argument

P

P
— e J__ ~ e .
xfﬁ) PT( +p) x.".ffx) 27PP(1— p) ©-8)
we obtain
Jp (ke?) ~ (——) W {cos v — i sin vt) :
(5.9}
I (ke?) ~ (g.)'pﬁ]—-—) (cos vt -+ i sin vt)
Hence by (5.7) we shall have
w == e~ (D, cos vt + iD, sin vt) (5.40
where
1k i
D=0, ("2“) I‘(1+p) + 6 (—> T{A—p
(.11}
R AN i kP 1
Dy =G, (7) T(d—p) 2 VZ") TA+»
Setting
D1:K1 - iKs, DZ: —“(K‘“{'—iﬁg) (5.12)

and using {3.5) we have
5y = e M (K, cos vt -+ K,y sin vi), By = e~ (Kzcosvt + Kysinvt) (5.13)

By the inverse transformation formula (3.3) we obtain finally

(5.14)

2y = ¢ (K, cosvt -+ Kysinvt) cos§ -+ e (Kgcosvt + K sinvi)sin b

8 = — 7" (K, cosvt 4 Ko sinvt) sin § 4 e~% (Kgcos vt - K sinvf) cos b
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where the constants K. are determined from the initial conditions. These
expressions coincide with the previous results (4.7) obtained by a
different method.
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